We prove the existence of minimizers of causal variational principles on second countable, locally compact Hausdorff spaces. Moreover, the corresponding Euler-Lagrange equations are derived. The method is to first prove the existence of minimizers of the causal variational principle restricted to compact subsets for a lower semi-continuous Lagrangian. Exhausting the underlying topological space by compact subsets and rescaling the corresponding minimizers, we obtain a sequence which converges vaguely to a regular Borel measure of possibly infinite total volume. It is shown that, for continuous Lagrangians of compact range, this measure solves the Euler-Lagrange equations. Furthermore, we prove that the constructed measure is a minimizer under variations of compact support. Under additional assumptions, it is proven that this measure is a minimizer under variations of finite volume. We finally extend our results to continuous Lagrangians decaying in the entropy.
In the physical theory of causal fermion systems, space-time and the structures therein are described by a minimizer of the so-called causal action principle (for an introduction and the physical context see the textbook [12] or the survey articles [14, 13] ). Causal variational principles evolved as a mathematical generalization of the causal action principle [11, 15] . The starting point in [15] is a smooth manifold F and a non-negative function L : F × F → R + 0 (the Lagrangian) which is assumed to be lower semi-continuous. The causal variational principle is to minimize the action S defined as the double integral over the Lagrangian S(ρ) =ˆF dρ(x)ˆF dρ(y) L(x, y) under variations of the measure ρ within the class of regular Borel measures, keeping the total volume ρ(F) fixed (volume constraint). The aim of the present paper is to extend the existence theory for minimizers of such variational principles to the case that F is non-compact and the total volume is infinite. Furthermore, we drop the manifold structure of the underlying space F and consider a σ-locally compact topological space instead. We also work out the corresponding Euler-Lagrange (EL) equations.
In order to put the paper into the mathematical context, in [9] it was proposed to formulate physics by minimizing a new type of variational principle in space-time. The suggestion in [9, Section 3.5] led to the causal action principle in discrete spacetime, which was first analyzed mathematically in [10] . A more general and systematic enquiry of causal variational principles on measure spaces was carried out in [11] . In this article, the existence of minimizers is proven in the case that the total volume is finite. In [15] , the setting is generalized to non-compact manifolds of possibly infinite volume and the corresponding EL equations are analyzed. However, the existence of minimizers is not proved. Here we fill this gap and develop the existence theory in the non-compact setting.
The main difficulty in dealing with measures of infinite total volume is to properly implement the volume constraint. Indeed, the naive prescription ρ(F) = ∞ leaves the freedom to change the total volume by any finite amount, which is not sensible. The way out is to only allow for variations which leave the measure unchanged outside a set of finite volume (so-called variations of finite volume; see Definition 2.1). In order to prove existence of minimizers within this class, we exhaust F by compact sets K n and show that minimizers for the variational principle restricted to each K n exist. Making essential use of the corresponding EL equations, we rescale the minimizing measures in such a way that a subsequence converges vaguely to a measure ρ on F. We proceed by proving that this measure satisfies the EL equations globally. Finally, we prove that, under suitable assumptions, this measure is even a minimizer under variations of finite volume. This minimizing property is proved in two steps: We first assume that the Lagrangian is of compact range (see Definition 3.3) and prove that ρ is a minimizer under variations of compact support (see Definition 4.9 and Theorem 4.10). In a second step we extend this result to variations of finite volume (see Definition 2.1 and Theorem 4.11) under the assumption that property (iv) in Section 2 holds, i.e. sup x∈FˆF L(x, y) dρ(y) < ∞ .
Sufficient conditions for this assumption to hold are worked out (see Lemma 4.8) . Finally, we generalize our results to Lagrangians which do not have compact range, but instead have suitable decay properties (see Definition 5.1 and Theorem 5.9).
The paper is organized as follows. In Section 2 we recall the main definitions and existence results as outlined in [15] . In Section 3 causal variational principles in the σlocally compact setting are introduced ( §3.1), and the existence of minimizers is proved for the causal variational principle restricted to compact subsets, making use of the Banach-Alaoglu theorem and the Riesz representation theorem ( §3.2). In Section 4 minimizers are constructed for continuous Lagrangians of compact range. To this end, in §4.1 we exhaust the underlying topological space by compact subsets and take a vague limit of suitably rescaled minimizers thereon to obtain a regular Borel measure on the whole topological space. In §4.2 it is shown that this measure satisfies the Euler-Lagrange equations. Moreover, we prove in §4.3 that the measure is a minimizer under variations of compact support (see Definition 4.9). In §4.4 it is shown that, under additional assumptions, this measure is also a minimizer under variations of finite volume (see Definition 3.2) . In Section 5 we conclude the paper by weakening the assumption that the Lagrangian is of compact range to Lagrangians which decay in the entropy (see Definition 5.1). Then the EL equations are again satisfied, and under similar additional assumptions as before we prove that the constructed Borel measure is a minimizer of the causal action principle as intended in [15] .
Preliminaries: Causal Variational Principles in the Non-Compact Setting
Let us briefly recall causal variational principles in the non-compact setting as introduced in [15, Section 2] . We consider a (possibly non-compact) smooth manifold F of dimension m ≥ 1 and let ρ be a (positive) Borel measure on F (the universal measure). Moreover, let L : F × F → R + 0 be a non-negative function (the Lagrangian) with the following properties:
(i) L is symmetric, i.e. L(x, y) = L(y, x) for all x, y ∈ F. (ii) L is lower semi-continuous, i.e. for all sequences x n → x and y n ′ → y,
The causal variational principle is to minimize the action
under variations of the measure ρ, keeping the total volume ρ(F) fixed (volume constraint). Here we are interested in the case that the total volume is infinite. In order to implement the volume constraint, we make the following additional assumptions:
(iii) The measure ρ is locally finite (meaning that any x ∈ F has an open neighbor-
By Fatou's lemma, the integral in (2.2) is lower semi-continuous in the variable x.
In order to give the causal variational principle a mathematical meaning, we vary in the following class of measures: Definition 2.1. Given a regular Borel measure ρ on F, a regular Borel measureρ on F is said to be a variation of finite volume if
(where |.| denotes the total variation of a signed measure).
For clarity, we note that the left inequality in (2.3) is understood as follows: There exists a Borel set B ⊂ F with ρ(B),ρ(B) < ∞ and ρ| F\B =ρ| F\B . If this condition holds, we define the signed measure ρ −ρ by (ρ −ρ)(Ω)
Assuming that (i)-(iv) hold and thatρ is a variation of finite volume, the difference of the actions as given by 
We denote the support of the measure ρ by M , 
The parameter s can be interpreted as the Lagrange parameter corresponding to the volume constraint. For the derivation of the EL equations and further details we refer to [15, Section 2].
Causal Variational Principles on σ-Locally Compact Spaces
3.1. Basic Definitions. In the setup of causal variational principles in the noncompact setting (see Section 2) it is assumed that F is a smooth manifold. Since this manifold structure is not needed in what follows, we now slightly generalize the setting.
Definition 3.1. Let F be a second-countable, locally compact Hausdorff space, and let the Lagrangian L : F × F → R + 0 be a symmetric and lower semi-continuous function (see (i) and (ii) in Section 2). Moreover, we assume that L is strictly positive on the diagonal, i.e.
The causal variational principle on σ-locally compact spaces is to minimize the causal action (2.1) under variations of finite volume (see Definition 2.1).
Note that we do not impose the conditions (iii) and (iv) in Section 2. For this reason, it is a-priori not clear whether the integrals in (2.4) exist. Therefore, we include this condition into our definition of a minimizer: 
We point out that a minimizer again satisfies the EL equations (2.6) (as is proved exactly as in [15, Lemma 2.3] ). The condition in (3.1) is needed in order to avoid trivial minimizers supported at a point where L(x, x) = 0 (see [16, Section 1.2] ). For clarity, we note that, following the conventions in [18] , by a Borel measure we mean a measure ρ : B(F) → [0, +∞] on the Borel σ-algebra B(F) which is locally finite (meaning that every point has an open neighborhood of finite volume). In view of [1, Theorem 29.12] , every Borel measure on F is regular (meaning that the measure of a set can be recovered by approximation from inside with compact and from outside with open sets). In particular, it is inner regular and therefore a Radon measure [24] . More generally, every Borel measure on a Souslin space is regular by Meyer's theorem (see [5, Satz VIII.1.17] ).
A topological space which is locally compact and σ-compact is also referred to as being σ-locally compact (see for example [25] ). We note that every second-countable, locally compact Hausdorff space is σ-compact (cf. [1, §29] ). Therefore, F is a σ-locally compact space. Moreover, in view of [17, Proposition 4 .31] and [26, Theorem 14.3] , the space F is regular, and hence separable and metrizable by Urysohn's theorem (see for instance [26, Theorem 23 .1]), where the resulting metric is complete (see [1, p. 185] ). Thus we can arrange that F is a Polish space. Since each Polish space is Souslin, any Borel measure on F is regular, and therefore its support is given by (2.5) .
A metric space X is said to have the Heine-Borel property if every closed bounded subset is compact [27] . 1 In this case, the corresponding metric is referred to as Heine-Borel metric. Clearly, every Heine-Borel metric is complete. According to [27, Theorem 2'], every σ-locally compact Polish space is metrizable by a Heine-Borel metric. Since the topological space F is σ-locally compact and Polish we can arrange that bounded sets in F are relatively compact, i.e. have compact closure.
Moreover, in order to construct solutions of the EL equations, we first impose the following assumption (see Section 4) .
for all x ∈ K and y ∈ K ′ .
Later on we will show that this assumption can be weakened (see Section 5).
Existence of Minimizers on Compact Subsets.
Our strategy is to exhaust F by compact sets, to minimize on each compact set, and to analyze the limit of the resulting measures. In preparation, we now consider the variational principle on a compact subset K ⊂ F. Since the restriction of a Borel measure to K has finite volume, by rescaling we may arrange that the total volume equals one. This leads us to the variational principle
in the class ρ ∈ M K := {normalized Borel measures on K} . Existence of minimizers follows from abstract compactness arguments in the spirit of [11, Section 1.2]. We give the proof in detail because the generalization to the lower semi-continuous setting is not quite obvious.
Then the sequence (ρ k ) k∈N contains a subsequence which converges weakly to a minimizer ρ K ∈ M K .
Proof. Let (ρ k ) k∈N be a minimizing sequence. For clarity, note that the compact subset K ⊂ F is a locally compact Hausdorff space. Moreover, the continuous, realvalued functions on K, denoted by C(K), form a normed vector space (with respect to the sup norm · ∞ ), and the functions in C(K) are all bounded and have compact support, i.e. C(K) = C b (K) = C c (K). For each k ∈ N, the mapping
defines a continuous positive linear functional. Since
and ρ k (K) = ρ k (K) = 1 for all k ∈ N (where · (K) denotes the total variation, and · the operator norm on C(K) * ), the sequence (I k ) k∈N is bounded in C(K) * . In view of the Banach-Alaoglu theorem, a subsequence (I k j ) j∈N converges to a linear functional I ∈ C(K) * in the weak*-topology,
Applying the Riesz representation theorem, we obtain a regular Borel measure ρ K such that
Since ρ K (K) = I(1 K ) = lim j→∞ I k j (1 K ) = 1 (where 1 K is the function which is identically equal to one), one sees that ρ K is again normalized. It remains to show that ρ K is a minimizer. Since K is compact, σ-compactness of K implies that the measure space (K, B(K)) is σ-finite (according to [19, §7] ; this also results from the fact that any Borel measure is locally finite and K is secondcountable). Due to [19 [17, Theorem 7.20] ) such that 
In particular, (η k j ) j∈N is a sequence of normalized Borel measures, and η K is a normalized Borel measure on K × K. Since K × K is metrizable due to [21, §34] , and the Lagrangian L| K×K :
Hence ρ K is a minimizer of the action S K .
A minimizing measure ρ K satisfies the EL equations, which in analogy to (2.6) read 
where λ n are positive parameters which will be chosen such that the parameter s in the EL equations (3.2) and (3.3) is equal to one. Thus
For clarity, we point out that the measures ρ [n] are not normalized. More precisely,
and the sequence (λ n ) n∈N will typically be unbounded.
Proof. Since L(x, .) is lower semi-continuous and strictly positive at
Covering K by a finite number of such neighborhoods U (x 1 ), . . . , U (x L ), it suffices to show the inequality for the sets K ∩ U (x ℓ ) for any ℓ ∈ {1, . . . , L}. Moreover, we choose N so large that K N ⊃ K and fix n ≥ N .
. Using the EL equations (4.2) at z, it follows that
Hence
.
This inequality holds for any n ≥ N . Let c(x ℓ ) be the maximum of 2/L(x ℓ , x ℓ ) and ρ [1] 
Since the open sets U (x 1 ), . . . , U (x L ) cover K, we finally introduce C K as the sum of the constants c(x 1 ), . . . , c(x L ). Now we proceed as follows. Denoting by (K n ) n∈N the above exhaustion of F by compact sets, we first restrict the measures ρ [n] to the compact set K 1 . According to Lemma 4.1, the resulting sequence of measures is bounded. Therefore, a subsequence converges as a measure on K 1 (using again the Banach-Alaoglu theorem and the Riesz representation theorem). Out of the resulting subsequence (ρ [1,n k ] ) k∈N , we then choose a subsequence of measures (ρ [2,n k ] ) k∈N which converges weakly on K 2 . We proceed iteratively and denote the resulting diagonal sequence by
In the following, we restrict attention to the compact exhaustion (K m ) m∈N , where for convenience by K m we denote the sets K nm for m ∈ N (thus ρ (m) is a minimizer on K m for each m ∈ N).
By construction, the sequence (ρ (k) | Kn ) k∈N converges weakly to some measure ρ| Kn for every n ∈ N, i.e.
Moreover, from the construction we know that the obtained measures are compatible in the sense that ρ| Km = ρ| Km ) Kn for all m > n .
(4.7)
The following result proves weak convergence on arbitrary compact subsets of F. 
Without loss of generality we may assume that U k ⊂ U for all k ∈ N. For every k ∈ N we then obtain
By construction, the second and third summand are smaller than ε. The first summand can be arranged to be smaller than ε due to weak convergence (4.6) for sufficiently large k ∈ N. Since ε > 0 and f ∈ C(K) were chosen arbitrarily, we thus obtain weak convergence of measures
This proves the claim.
We now proceed by defining the linear functional
(note that, in view of (4.7), the last integral is independent of n for sufficiently large integers n ∈ N). Applying the Riesz representation theorem (see [ 
(see also [4, Definition 4 and Theorem 5] ). Lemma 4.2 implies that for any compact set K ⊂ F, the sequence (ρ (k) | K ) k∈N converges to ρ restricted to K (in the sense of weak*-convergence in C(K) * ),
where B K denotes the set of Borel measures on K. Moreover, the measure ρ is locally finite because for any compact set K ⊂ F,
(where we made use of Lemma 4.1). Note that the total volume ρ(F) is infinite if and only if the sequence λ n used in the rescaling (4.1) tends to infinity. We point out that the convergence ρ (k) → ρ can be regarded as vague convergence (see for example [1, Definition 30.1] ). Similar to (4.3), we introduce the notation
(4.10)
In particular, the following EL equations hold,
Derivation of the Euler-Lagrange Equations. In this section, we assume that L is continuous and of compact range (see Definition 3.3). Our goal is to prove the following result. where ℓ ∈ C(F) is defined by
For the proof, we proceed in several steps. The proof will be completed at the end of this section. Proof. Assume conversely that there is no such subsequence. Then there is an open neighborhood U of x which does not intersect the support of the measures ρ (n) for almost all n ∈ N. In particular, for every compact neighborhood V of x with V ⊂ U (which exists by [17, Proposition 4 .30]) we have ρ (n) (V ) = 0 for almost all n ∈ N .
Taking the limit n → ∞ and using (4.9), we obtain ρ(V ) = 0. This is a contradiction to the assumption that x ∈ supp ρ.
For notational simplicity, we denote the subsequence ρ (n k ) again by ρ (k) . Proof. For any x ∈ F, let (x n ) n∈N be an arbitrary sequence in F converging to x, and let U be an open, relatively compact neighborhood of x (which exists by local compactness of F). Since L is of compact range, there is a compact set K ′ ⊂ F such that L(x, y) = 0 for allx ∈ K := U and y / ∈ K ′ . Since the sequence (x n ) n∈N converges to x, there is an integer N ∈ N such that x n ∈ U for all n ≥ N . By continuity of L, the mapping L : K × K ′ → R is bounded. Therefore, the functions L(x n , ·) : K ′ → R are uniformly bounded for all n ≥ N . Thus Lebesgue's dominated convergence theorem yields
proving continuity of ℓ.
In the next proposition, we show that the sequence (ℓ (n) ) n∈N converges pointwise to ℓ. Choosing K = {x} in Definition 3.3, we denote the corresponding compact set K ′ by K x , i.e.
L(x, y) = 0 for all y ∈ K x . (4.14)
Proposition 4.6. Let L be continuous and of compact range, and let (ℓ (n) ) n∈N and ℓ be the functions defined in (4.10) and (4.13), respectively. Then (ℓ (n) ) n∈N converges pointwise to ℓ, i.e. Proof. Since L is assumed to be of compact range and L(x, ·) is continuous, using the notation (4.14) we obtain
Since x ∈ F is arbitrary, the sequence (ℓ (n) ) n∈N converges pointwise to ℓ.
Our proof of Theorem 4.3 will be based on equicontinuity of the family (ℓ (n) | K ) n∈N for arbitrary compact subsets K ⊂ F. We know that the functions ℓ (n) are continuous and uniformly bounded on compact sets. However, as can be seen from the example (f n ) n∈N with f n : [0, 1] → R, f n (x) = sin nx for all n ∈ N , these conditions are in general not sufficient to ensure equicontinuity. Nonetheless, the additional assumption that the Lagrangian L : F × F → R + 0 is of compact range (see Definition 3.3) gives rise to equicontinuity of the family (ℓ (n) | K ) n∈N , as the following proposition shows. Proposition 4.7. Let L be continuous and of compact range. Then for any compact subset K ⊂ F, the family F K := {ℓ (n) | K : n ∈ N} is equicontinuous.
Proof. Consider an arbitrary compact set K ⊂ F. In order to prove equicontinuity of F K , we have to show that for every ε > 0 and every x ∈ K there is a corresponding
Let x ∈ K and consider an arbitrary ε > 0. Since L is of compact range, there is a compact set K ′ ⊂ F such that L(x, y) = 0 for allx ∈ K and y / ∈ K ′ . (4.16)
In view of Lemma 4.1 there is a positive constant C K ′ > 0 such that ρ (n) (K ′ ) ≤ C K ′ for all n ∈ N.
Since L is continuous and K × K ′ is compact, the mapping
is uniformly continuous. Moreover, in view of (4.16), the same is true for L| K×F . Hence for every ε > 0 there is a δ > 0 such that
This yields equicontinuity of F K as desired.
After these preparations, we are able to prove Theorem 4.3.
Proof of Theorem 4.3. Let (K n ) n∈N be a compact exhaustion of F, and let (ρ (n) ) n∈N be the corresponding sequence of vaguely converging measures according to (4.5) such that (4.10) and (4.11) hold. The main idea of the proof is to make use of pointwise convergence (4.15) and equicontinuity of the sequence (ℓ (n) | K ) n∈N for arbitrary compact sets K ⊂ F as established in Proposition 4.6 and Proposition 4.7, respectively. First of all, application of Proposition 4.6 shows that ℓ(x) ≥ 0 for every x ∈ F. Namely, since ρ (n) is a minimizer of the action S Kn for every n ∈ N, and x is contained in all compact sets (K n ) n≥N for some integer N = N (x) ∈ N, we have ℓ(x) In order to derive the Euler-Lagrange equations (4.12), it remains to prove that ℓ(x) vanishes for every x ∈ supp ρ. By local compactness of F, every x ∈ supp ρ is contained in a compact neighborhood K x . Weak convergence (4.9) implies that ρ (n) | Kx ⇀ ρ| Kx as n → ∞. Lemma 4.4 yields the existence of a sequence x (n) → x as n → ∞ such that x (n) ∈ supp ρ (n) for every n ∈ N. We choose N ′ ∈ N such that x (n) ∈ K x for all n ≥ N ′ . For this reason, it suffices to focus on the restriction ℓ| Kx . Equicontinuity of the family {ℓ (n) | Kx : n ∈ N} (see Proposition 4.7) yields
Moreover, the expression
holds in view of pointwise convergence (4.15) . Taken together, for every x ∈ supp ρ we finally obtain
In view of (4.17), the Euler-Lagrange equations (4.12) hold due to
which completes the proof.
In the remainder of this subsection, we discuss the properties (iii) and (iv) in Section 2. Condition (iii) holds by construction because we are working with locally finite measures (see §3.1). Condition (iv) does not hold in general, but it can be checked a-posteriori for a constructed measure ρ. Under suitable assumptions on L, however, this condition can even be verified a-priori, i.e. without knowing ρ. This is exemplified in the following lemma. Then the measure ρ constructed in (4.8) has the property (iv) in Section 2.
Proof. Since L is continuous and of compact range,
showing that L(x, ·) is ρ-integrable for every x ∈ F. It remains to prove that sup x∈FˆF L(x, y) dρ(y) < ∞ .
Since L : F × F → R satisfies (a)-(c), inequality (4.4) yields
Thus we obtain The goal of this section is to prove that the measure ρ constructed in (4.8) is a minimizer under variations of compact support. Before stating our result (see Theorem 4.10 below), we show that the difference (2.4) is well-defined. Indeed, considering variations of compact support, the signed measure µ :=ρ − ρ is compactly supported. Considering its Jordan decomposition µ = µ + −µ − (see e.g. [19, §29] ), the measures µ + and µ − have compact support. Hence, using that the Lagrangian is continuous, Proof. Consider an arbitrary measureρ ∈ B F such that K := supp(ρ − ρ) is a compact subset of F, andρ(K) = ρ(K) = 0. Then (ρ − ρ)(F) = 0, i.e. (2.3) is satisfied. Since the Lagrangian is supposed to be of compact range, there is a compact set K ′ ⊂ F such that L(x, y) = 0 for all x ∈ K and y ∈ F \ K ′ . For any n ∈ N we introducẽ
where the parameters c n are defined by
Considering the compact exhaustion (K n ) n∈N , we thus have ρ (n) (K n ) =ρ n (K n ) for every n ∈ N. Moreover, by weak convergence (4.9) we obtain lim n→∞ c n = lim n→∞ ρ (n) (K)
We now proceed as follows. First of all, in accordance with (2.4) we have
Making use of the symmetry of the Lagrangian and applying Fubini's theorem, we can write this expression as
and the fact that L is of finite range yields
By weak convergence (4.9) on compact subsets we obtain
and in view of (4.18) we may also write
Sinceρ n and ρ (n) coincide on K n \ K for all sufficiently large n ∈ N, and L(x, y) = 0 for all x ∈ K and y / ∈ K ′ , the difference S(ρ) − S(ρ) can finally be written as
Since ρ (n) is a minimizer on K n for every n ∈ N, we have S Kn (ρ n ) − S Kn (ρ (n) ) ≥ 0 for all n ∈ N . Taking the limit n → ∞ on the left hand side of (4.19), one obtains exactly the above expression for S(ρ) − S(ρ), i.e.
(S(ρ) − S(ρ)) ≥ 0 .
Hence ρ is a minimizer under variations of compact support.
Existence of Minimizers Under
Variations of Finite Volume. In order to prove the existence of minimizers in the sense of Definition 3.2, we additionally assume that property (iv) in Section 2 is satisfied, i.e. sup x∈FˆF L(x, y) dρ(y) < ∞ .
Under this additional assumption, the difference (2.4) is well-defined. Moreover, we obtain the following existence result. By assuming that condition (iv) in Section 2 holds we know that the difference (2.4) is well-defined, thus giving rise to
Moreover, regularity of ρ andρ implies that for everyε > 0 there is a compact set K ⊂ F such that ρ(B \ K) <ε/2,ρ(B \ K) <ε/2 .
Since L is assumed to be of compact range, we may write
where L(x, y) = 0 for all x ∈ K and y / ∈ K ′ (and vice versa). Choosing the compact subset K ⊂ B suitably, property (iv) implies (along with (4.13)) that the expression
can be arranged to be arbitrarily small. Assuming that the Lagrangian is bounded, also the expression is arbitrarily small for a suitable choice of the set K ⊂ B. We thus can arrange that
for any given ε > 0. By weak convergence (4.9) we then obtain
Proceeding in analogy to the proof of Theorem 4.10, one can show that the term in square brackets is greater or equal to zero. Since ε > 0 was chosen arbitrarily, we arrive at
which proves the claim.
Minimizers for Lagrangians Decaying in the Entropy

5.1.
Preliminaries. The goal of this section is to deal with the question if it is possible to weaken the assumption that L is of compact range. To this aim we specialize the above setting as follows. As before, we let F be a second-countable, locally compact Hausdorff space. Then F is completely metrizable, and hence can be endowed with a Heine-Borel metric as mentioned in §3.1 such that F is proper, i.e. closed, bounded subsets in F are compact. As every relatively compact set is precompact, any bounded subset of F can be covered by a finite number of sets of diameter less than δ > 0 (cf. [3, §3.16, §3.17] ). Thus for any r > 0 and x ∈ F, the closed ball B r (x) is compact, and hence can be covered by finitely many balls of radius δ > 0. We denote the smallest such number by E x (r, δ). 2 In particular, for all r ′ < r the annuli B r (x) \ B r ′ (x) can be covered by at most E x (r, δ) balls of radius δ. If ρ is a uniform measure on F, the number E x (r, δ) can be determined more specifically (see [23, Example 3.13] ).
In the following, we additionally assume that the Lagrangian decays in the entropy, which is defined as follows. where C x (r, δ) := C E x (r + 1, δ) for all r > 0 , and the constant C is given by
In Definition 5.1 (b) we may assume without loss of generality that δ = 1 (otherwise we rescale the metric suitably). Then
Now let (ρ (n) ) n∈N be the sequence of measures given by (4.5) , and let ρ be its vague limit constructed in (4.8) . Then by (4.4), for every x ∈ F we have ρ(B 1 (x)) ≤ C as well as ρ (n) (B 1 (x)) ≤ C for sufficiently large n ∈ N. Condition (b) determines the behavior of the Lagrangian locally (more precisely, it gives a uniform bound for the size of balls in which the Lagrangian is bounded from below). Condition (c), on the other hand, characterizes the decay properties of the Lagrangian at infinity. In particular, condition (c) implies that for any ε > 0 there is
Considering arbitrary ε > 0 and x ∈ F, the Heine-Borel property of F ensures that the closed ball K x,ε := B N 0 (x) (5.2) is compact. Since L decays in the entropy, we thus obtain
where in the last step we made use of (5.1). Applying the same arguments to the measures ρ (n) for all n ∈ N, we conclude that for sufficiently large n ∈ N,
for allx in a small neighborhood of x. Proof. Let x ∈ F and ε > 0 be arbitrary, and let (x n ) n∈N be an arbitrary sequence in F converging to x. Introducing the associated compact set K x,ε (as defined in (5.2)), by continuity of L and ρ(K x,ε ) < ∞ we obtain
for sufficiently large n ∈ N. This proves continuity of ℓ. Proposition 5.3. Let (ℓ (n) ) n∈N and ℓ be the functions defined in (4.10) and (4.13). Then (ℓ (n) ) n∈N converges pointwise to ℓ, i.e.
for all x ∈ F .
Proof. Let x ∈ F, and consider an arbitrary ε > 0. Choosing K x,ε according to (5.2), weak convergence on compact sets yields
for sufficiently large n ∈ N in view of (5.3). This gives the claim.
Proposition 5.4. Assume that the Lagrangian L : F × F → R is continuous and decays in the entropy, and let K ⊂ F be compact. Then for every x ∈ K and every sequence x (n) n∈N in K with x (n) → x we have
Proof. Let K ⊂ F be a compact subset. For any x ∈ K and ε > 0, there is a compact subset K x,ε ⊂ F (defined by (5.2)) such that (5.3) is satisfied. Let C(x, ε) > 0 be the positive constant according to Lemma 4.1 such that ρ (n) (K x,ε ) ≤ C(x, ε) for all n ∈ N.
Since L is continuous and K × K x,ε is compact, the mapping
is uniformly continuous. Hence we may choose δ > 0 such that
In view of (5.3), for all n ≥ N (x, ε/2) we thus obtain
Considering a sequence x (n)
5.3.
The Euler-Lagrange Equations. Now we are able to prove the EL equations in the case that L decays in the entropy (see Definition 5.1).
Theorem 5.5. Assume that L is continuous and decays in the entropy. Then the measure ρ constructed in (4.8) satisfies the Euler-Lagrange equations
where ℓ ∈ C(F) is defined by (4.13).
Proof. Proceed in analogy to the proof of Theorem 4.3, and make use of Proposition 5.2, Proposition 5.3, and Proposition 5.4.
We now generalize Lemma 4.8. for some ε > 0 and the corresponding compact set K x,ε ⊂ F. Choosing ε ∈ (0, 1), we obtain
Existence of Minimizers Under
Variations of Compact Support. In the last two subsections we finally return to the question if the measure ρ is a minimizer of the causal variational principle. In preparation, we deal with the case of minimizers under variations of compact support (see Definition 4.9).
Theorem 5.8 (Minimizers under variations of compact support). Assume that L : F × F → R + 0 is continuous and decays in the entropy (see Definition 5.1). Then ρ is a minimizer under variations of compact support.
Proof. Since the signed measureρ − ρ has compact support and the Lagrangian is continuous and decays in the entropy, the function ℓ(x) (see (4.13)) is locally bounded. As a consequence, the difference (2.4) is well-defined. Thus it remains to show that can be arranged to be arbitrarily small. This yields for sufficiently large n ∈ N. Since ρ (n) is a minimizer on K n for each n ∈ N, one can show in analogy to the proof of Theorem 4.10 that the first expression is greater or equal to zero. Moreover, sincê for any ε > 0 and sufficiently large n ∈ N. Since ε > 0 was arbitrary, this gives the claim in analogy to the proof of Theorem 5.8.
Theorem 5.9 concludes the existence theory in the σ-locally compact setting.
